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HE fubje&t of the paper which I have now the honour

of prefenting to the Royal Society, feems to be of a

very confiderable importance both to the practical mechanic
and to the fpeculative philofopher ; to the formelf, as a know=
Iedge of the laws and quantity ef the fri¢tion of bodies in motion
upon each other will enable him at firft to render his machines.
more perfect, and fave him in a great meafure the trouble of
correting them by trials; and to the latter, as thofe laws
will furnith him with principles for his theory, which when
eftablithed by experiments will render his conclufions appli-
cable to the real motion of bodies upon each other.. But, how-
ever important a part of mechanics this fubje@ may conflitute,
and however, from its obvious ufes, 1t might have been ex-
pe&ed to have claimed a very confiderable attention both from
the mechanic and philofopher, yet it has, of all the other parts
of this branch of natural philofophy, been the moft negleed.
The law by which the motions of bodies are retarded by fric-
tion has mnever, that I know of, been truly eftablithed
MusscHENBROEK fays, that in {mall velocities the friGtion varies
very nearly as the velocity, but thatin great velocities the frition

acreafes ; he has alfo attempted to prove, that by increafing
% the
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the weight of a body the friction does not always increafe exaétly
in the fame ratio; and that the fame body, if by changing its
pofition you change the magnitude of the furface on which it
“moves, will have its quantity of friction alfo changed. - HeL-
suam and Fersuson, from the fame kind of experiments,
‘have endeavoured to prove, that the fri¢tion.does wo# vary by
changing the quantity -of furface on which- the body moves s
and the latter of thefe afferts, that the frition increafes very
nearly as the velocity; and that by increafing the weight,
the friction is increafed in the fameratio. Thefe different con-
- clufions induced me to repeat-their experiments, in order to fee
- how far they ‘were conclufive in refpect to. the principles; de-
duced +from them :-when it appeared, that .there was, another
caufe operating befides friction, which they had not attended
to, and which rendered all their dedu&ions totally ,ilncohtcl.uﬁvge.
Of thofe who have written on the -théory,, no one has efta-
blithed it altogether on ‘true principles :. EvrLer (whofe theory
is extremelyelegant, :and which, as he has fo fully confidered
the {ubje&, would have precluded. the neceflity of offering any
thing further, bad its principles been founded. on experiments)
fuppofes the frittion to vary in proportion to the velocity of the
body, and its preffure upon the plane, neither of which are
true: aid others, who have imagined  that friction is a uni-
formly retarding force (and which conje@ure will be confirmed
by our experiments), have ftill retained the other fuppofition,
and therefore rendered their folutions not at all applicable to
- the cafes for which they were intended. I therefore endea-
voured by a fet of experiments to determine,
1Y, Whether friciion be a uniformly retarding force,

- 2dly, The quantity of friction.

3dly,
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sdly, Whether the friction varies in p; oportion to the prgﬂi;ra
or weight,

4thly, Whether the friction be the fame on whichever of its fur-
Jaces a body moves.

The experiments, in which I was affifted by my ingenious
friend the Rev. Mr. Jones, Fellow of T'rinity College, were made
with the utmoft care and attention, and the feveral refults
agreed fo very exaltly with each other, that I do not fcruple to
pronounce them to be conclufive. |

2. A plane was adjufted parallel to the horizon, at the extre-
mity of which was placed a pulley, which could be elevated or
depreffed in order to render the ftring which conne&ed the
body and the moving force parallel to the plane. A fcale accu-
rately divided was placed by the fide of the pulley perpendi-
cular to the horizon, by the fide of which the moving force
defcerided ; upon the fcale was placed a moveable ftage, which
¢ould be adjufted to the {pace through which the moving force
defcended in any given time, which time was meafured by a
well regulated pendulum clock vibrating feconds. Every thing
being thus prepared, the following experiments were made to
afcertain the law of friGtion. But let me firlt obferve, that if
frition be a uniform force, the difference between it and the-
given force of the moving power muft be alfo uniform, and
therefore the moving body muft defcend with a uniformly ac-
celerated velocity, and confequently the fpaces defcribed from:
‘the béginning of the motion muft be as the fquares of the
times, juft as when there was no friction, only they will be
diminithed on account of the frictiom.

3. Exp. 1. A body was placed upon. the horizontal plane,,
‘and a moving force applied, which from repeated trials was found
to defcend 521 inches in 47/, for by the beat of the clock and

' i the
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the found of the moving force when it arrived at the ftage, the
1pace could be very accurately adjufted to the time; the ftage.
was then removed to that point to which the moving force
would defecend 1n 3", upon {fuppofition that the {paces defcribed
by the moving power were as the {quares of the times; -and the
{pace was found to agree very accurately with the time; the
flage was then removed to that point to which the moving
force ought to defcend in 2", upon the fame fuppofitien, and
the defcent was found to agree exatly with the time; laftly,
the ftage was adjufted to that point to which the moving' force
ought to defcend in 17/, upon the fame fuppofition,” and the
{pace was obferved to agrec with the time. Now, in order to
find whether a difference In the time of defcent could be ob-
ferved, by removing the ftage a little above and below the pofi-
tions which correfponded to the above times, the experiment
“was tried, and the defcent was always found teo foon in the
former, and too late in the latter cafe; by which I was affured
that the fpaces firft mentioned correfponded exatly to the
times. And, for the greater certainty, each defcent was repeated
eight or ten times; and every caution ufed in this experiment
was alfo made ufe of in all the following.

Exp. 2. A fecond body was laid upon the horizontal plane,
and a moving force applied which defcended 413 inches in 37
the ftage was then adjufted to the fpace correfponding to 27,
upon fuppofition that the fpaces defcended through were as the
{quares of the times, and it was found to agree accurately with
the time ; the f{tage was then adjufted to the {pace correfpond-
ing to 1”7, upon the fame fuppofition, and it was found to agree
with the time.

Exr. 3. A third body was laid upon the honzontal plane, and
amoving force applied, which defcended 593 inches in 4”5 the

- ftage
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ftage was then adjufted to the fpace correfponding to 3”, upon
fuppofition that the fpaces defcended through were as the
Aquares of the times, and it was found to agree with the time ;
‘the ftage was then adjufted to the fpace correfponding to 2",
‘upon the fame fuppolition, and it was found to agree with the
time ; the ftage was then adjufted to the fpace correfponding
to 17, and was found to agree with the time.

Exp. 4. A fourth body was then taken and laid upen the
horizontal plane, and a moving force applied, which defcended
‘55 inches in 4”; the ftage was then adjufted to the fpace
‘through which it ought to defcend in 3”, upon fuppofition
that the fpaces defcended through were as the fquares of the
‘times, and it was found to agree with the time; the ftage was
then adjufted to the fpace correfponding to 2”/, upon the fame
fuppofition, and was found to agree with the time; laftly, the
{tage was adjufted to the fpace correfponding to 1”/, and it was
found to agree exaltly with the time. |

Befides thefe experiments, a great number of others were
‘made with hard bodies, or thofe whofe parts fo firmly cohered
as not to be moved smuter fe by the frittion; and in each experi-
‘ment bodies of very different degrees of fri¢tion were chofen,
and the refults all agreed with thofe related above; we may
therefore conclude, that the friciion of hard bodies in motion is a
uniformly retarding force.

But to determine whether the fame was true for bodies when
covered with cloth, woollen, &c. experiments were made in
order to afcertain it when it was found in all cafes, that the
retarding force increafed with the velocity ; but, upon covering
bodies with paper, the confequences were found to agree with
‘thofe related.above. , »

Yor, LXXV, Z 4. Having
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4. Having proved that the retarding force of all hard.bodies
arifing from friGtion is uniform, the quantity of friGtion, con<
fidered as equivalent to a weight without inertia drawing the
body on the horizontal plane backwards, or allting contrary to
the moving force, may be immediately deduced from the fore-
going experiments.  For let M = the moving force exprefled by
its weight ; F=the friction ; W=the weight of the body
upon the horizontal plane; S=the f{pace through which the
moving force defcended in the time # exprefled in feconds;
r=16,, feet; then the whole accelerative’ force (the force of

gravity being unity) will be S Ve +W 5 hence, by the laws of uni-
formly accelerated. motions, hlf +\1;V x r#* =5, confequently
F= M_w To exemplify this, let us take the cafe of the

laft experiment, where M=7, W=125%, S=4 /7 feet, t=4";

hence F=7 - I-é-—xﬁ— 6.417 ; confequently the friction was

to the weight of the rubbing body as 6.4167 to 25.75. And
the greataccuracy of determining the friction by this method is
manifeft from hence, that if an error of 1 inch had been made
in the defcent (and experiments carefully made may always de-
termine the {pace to a much greater exatnefs) it would not
have affeed the conclufion . dth part of the whole.

5. We come in the next place to determine, whether fric-
tion, ceteris paribus, varies in proportion to the weight or
preflure.  Now if the whole quantity of the frition of a body,
meafured by a weight without inertia equivalent to the friction
drawing the body backwards, increafes in proportion to its
weight, it is manifeft, that the retardation of the velocity of

the body arifing from the friGtion will not be altered; for the
7 retardation:
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e e . . Quantity of frition
retardation varies ag J3antiey of '
. Quaantity of matter

; hence, if a body be put

in motion upon the horizontal plane by any moving force, if
both the weight of the body and the moving force be increafed
in the fame ratio, the acceleration arifing from that moving
force will remain the fame, becaufe the accelerative force varies
as the moving force divided by the whole quantity of matter,
and both are increafed in the fame ratio; and if the quantity
of fri&ion increafes alfo as the weighrt, then the retardation
arifing from the fri¢tion will, from what has been faid, remain
the fame, and therefore the whole acceleration of the body will
not be altered ; confequently the body ought, upon this fuppo-
fition, ftill to defcribe the fame fpace in the fame time. Hence,
by obferving the fpaces defcribed in the fame time, when both
the body and the moving force are increafed in the {ame ratio,
we may determine whether the fri¢tion increafes in proportion
to the weight. The following experiments were therefore
made in order to afcertain this matter.

Exp. 1. A body weighing 10 oz. by a moving force of 4 oz.
defcribed in 2’ a fpace of 51 inches; by lbading the body with
10 oz. and the moving force with 4 oz. it defcribed 56 inches
in 2”3 and by loading the body again with 10 oz. and the
moving force with 4 oz. it defcribed 63 inches in 27/,

Exp. 2. A body, whofe weight was 16 oz. by a moving
force of 5 oz. defcribed a fpace of 49 inches in 3”; and by
loading the body with 64 oz. and the moving force with 20 oz,
the fpace defcribed in the fame time was 64 inches.

Exp. 3. A body weighing 6 oz. by a moving force of 2% oz.
defcribed 28 inches in 2’/; and by loading the body with 24
oz. and the moving force with 10 oz. the {pace defcribed in the
fame time was §4 inches.

Z 2 Exp,
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- Exp. 4. A body weighing 8 oz. by a moving force of 4 oz..
deferibed 33% inches in 2’/ and by loading the body with 8-
oz. and the moving force with. 4 oz. the fpace deferibed in the
fame time was 47 inches.

Exe. 5. A body whofe weight was g.0z: by a moving force of
43 oz. defcribed 48 inches in 2" ;. and by loading the body with.
g oz. and the moving force with 4% oz. the {pace defcribed in
the fame time was 60 inches.

Exe. 6. A body welghmg 10 0z. by a movmg force of 302
defcribed 20 inches in 27; by loading the body. with ‘10 oz:
and the moving force with. 3 0z. the {pace defcribed in:the fame
time was 31 inches; and by loading the body again with 30
oz. and the movmg force with g.oz..the fpace. defcnbcd was:
34 inches in 27,

From thefe experiments, and.many others- which it is not
neceflary here to relate, it appears, that the. fpace deferibed is
always increafed by increafing the weight of . the body and the
accelerative force in the fame ratio; and as. the acceleration
arifing from the moving force continued the {ame, it is manifeft;
that the retardation arifing, from the frition muft have been
diminithed, for the whole accelerative force muft have been in-
creafed on account of the increafe of the fpace defcribed in the
{ame time ; and hence (as the retardation from friction varies as
Quantity of friction
Quantity of matter
han the quantity of matter or weight of the body:

6. We come now to the laft thing which it was. propofed to
determine, that is, whether the friGtion vartes by varyingthe fur-
face on which the body moves. Letus call two of the furfaces
A and 4, the former being the greater, and the latter the lefs.
Now the weight on every given part of 4 is as much greater

2 than

) the quantity of friction increafes.in a-lefs ratig
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than the weight on an equal part of A, as A is greater than a3
if therefore the fri€tion was in proportion to the weight, ceferis

paribus, it 1s manifeft, that the frition on ¢ would be equal te
the fri¢tion on' A, the whole frition being, upon fuch a fuppo-
fition, as the weight on any given part of each furface multi-
plied into the number of fuch parts or into:the whole area,
which produéts, from the proportion above,, are equal. But
from the laft experiments it has been. proved, that the fri&ion
on any given {urface increafes in a lefs ratio than the weight;
confequently the friction on any.given: part of 4 has a lefs ratio
to the frition on an equal part of A than A has to @, and
hence the friCtion on.a is. lefs: than.the friGtion on A, that is,
the fmalleft furface has: always the leaflt friétion.. But as this
conclufion:is-contrary to-the generally received opinion, I have
thought it. proper to confirm the fame by a.fet of experiments,
But before I proceed to-relate them, I will beg leave to recom~
mend to thofe, who may afterwards be induced to.repeat-them,
the following cautions, which are extremely. neceflary to be
attended to.. Great care muft be taken. that the two.furfaces
have exaétly the fame degree of. roughnefs;.inorder to be
certain of which, fuch bodies muft.be chofen as have no knots
in them, and whofe grain is fo- very. regular that.when the
two {urfaces.are planed with a fine rough plane,. their rougha
nefs may be the fame,. which . will not be the cafe if the body
be knotty, or:the grain irregular, or if it happens not to.run
in the fame direétion on both furfaces. When you cannet de-
pend on the furfaces having the fame degree of roughnefs, tle
belt way will be to-pafte fome fine rough paper. on each fus-
face,. which perhaps will give -a more equal degree of rough-~
nels-than can-be obtained by any other method. Now. as the
proof which I have already given depends only on the motion:

of
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of the body upon the fame {urface, it is not liable to any inac-
curacy of the kind which the preceding cautions have been
given to avoid, nor indeed to any other, and therefore it muft
be perfetly conclufive. In the following experiments the
cautions mentioned above were carefully attended to.

Exp. 1. A body was taken whofe flat furface was to its edge
as 22 : g, and with the fame moving force the body defcribed
on its flat fide 33% inches in 2”7, and on its edge 47 inches in
the fame time.

Exp. 2. A fecond body was taken whofe flat furface was to
its edge as 32 : 3, and with the fame moving force it defcribed
on its flat fide 32 inches in 2", and onits edge it defcribed 37%
inches in the fame time.

Exp. 3. I took another body and covered one of its furfaces,
whofe length was g inches, with a fine rough paper, and by
applying a moving force, it defcribed 25 inches in 2”; I then
took off fome paper from the middle, leaving only ¥ of an inch
at the two ends, and with the {fame movmg force it defcribed
4o inches in the fame time.

Exp. 4. Another body was taken which had one of its fur-
faces, whofe length was g inches, covered with a fine fough
paper, and by applying a moving force it defcribed 42 inches
in 2”/; fome of the paper was then taken off from the mid-
dle, leaving only 13 inches at the two ends, and with the fame
moving force it defcribed 54 inches in 2”3 I then took off
more paper, leaving only % of an inch at the two ends, and
the body then defcribed, by the fame moving force, 60 inches
in the fame time.

In the two laft experiments the paper which was taken off
the {urface was laid on the body, that its weight might not be

altered. ;
Exp.
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Exe. 5. A body was taken whofe flat furface was to its edge
as 30 : 17; theflat fide was laid upon the horizontal plane, a
moving force was applied, and the ftage was fixed in order to
ftop the moving force, in confequence of which the body
would then go on with the velocity acquired until the friction
had deftroyed all its motion; when it appeared from a mean of
12 trials that the body moved, after its acceleration ceafed,
52 inches before it ftopped. The edge was then applied, and the
moving force defcended through the fame fpace, and it was
found, from a mean of the fame number of trials, that the
fgace defcribed was 7% iches before the body loft all its motlon,
after it ceafed to be accelerated.

Exp. 6. Another body was then taken whofe flat furface was
to itsedge as 6o : 19, and, by proceeding as before, on the flat
furface it defcribed, at a mean of 12 trials, 54 inches, and on
the edge 621 inches, before it ftopped, after the acceleration
ceafed. ,

Exp. 7. Another body was taken whofe flat furface was to
its edge as 26 : 3, and the fpaces defcribed on thefe two fur-
faces, after the acceleration ended, were, at a mean of 10
trials, 42 and 7.7 inches refpetively.

From all thefe different experiments it appears, that the
fmalleft furface had always the leaft friGtion, which agrees
with the confequence deduced from the confideration that the
frition does not increafe in fo great a ratio as the weight; we
may therefore conclude, that the friction of a body does not con-
tinue the fame when it bas different furfaces applied to the plane on
awbhich it moves, but that the fmallefl furface will have the leaft
Friction,

7. Having thus eftablithed, from the moft decifive experi~
ments, all that I propofed relative to friGtion, I think it proper,

before
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before ‘I conclude, to.give the refult of my examination irite
the nature of the experiments which have been made by
others; which were repeated, in order to fee how far they
were conclufive in refpeét to the principles which have been
deduced from them. The experiments which have been made
by all the authors that I.have-feen, have been thus inftituted.
To find what moving force would juf#put a body at reft in
‘motion : and they concluded from thence, 'that:the accelerative
force was then equal to the friction; but it-is manifeft, that
any force which will put a body in motion muft be greater
than the force which oppofes its motion, otherwife it.could not
overcome it ;3 and hence, if there were no othefobje&ion than
this, it is evident, that the fri€tion could not be very accurately
obtained ; but there 1s another objetion which totally deftroys
‘the experiment fo far as it tends to thow the quantity of fric«
tion, which is the firong cohefion .of the body to the plane
when it lies at reft; and this is confirmed by the following
experiments. 1ft, A body of 12% oz. was laid upon an hori-
zontal plane, and then loaded with a weight of 8 Ib. and fuch
-a moving force was applied as would, when the body was juft
put in motion, -continue that motion without any acceleration,
iniwhich rcafe the fri&tien muft be juft equal to the accelerative
force. The body was then ftopped, when it appeared, that the fame
:moving force which had Ze¢p¢ the body in motion before, would
not put it ‘in motion, and it was found neceflary to take .off
4% oz. from the body before the fame moving force would put
itin motion’; it appears, therefore, that this body, when laid
upon the plane at reft, acquired a very ftrong cohefion to it.
2dly, A body whofe weight was 16 0z. was laid at reft upon the
horizontal plane, and it was found that.a moving force of ‘6 oz.
svould juft paz it in motion ; but that a:moving force of 4 oz.
would
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awould, when it was jult put in motion, costinue that motion
without any acceleration, and therefore the accelerative force
muft #ben have been equal to the friction, and not when the
moving force of 6 oz. was applied.

From thefe experiments therefore it appears, how very
confiderable the cohefion was in proportion to the frition when
the body was in motion ; it being, in the latter cafe, almoft
1, and in the former it was found to be very nearly equal to
the whole fri&ion. All the conclufions therefore deduced from
the experiments, which have been inflituted to determine the
fri¢tion from the force neceffary to puz a body in motion (and I
have never feen any defcribed but upon fuch a principle) have
manifeftly been totally falfe; as fuch experiments only fhew
the refiftance which arifes from the cohefion and fri¢tion con-
jointly. v

8. I fhall conclude this part of the fubjeft with a remark
upon Art. 5. It appears from all the experiments which I have:
made, that the proportion of the increafe of the friction to the
increafe of the weight was different in all the different bodies
which were made ufe of ; no general rule therefore can be efta-
blithed to determine this for a// bodies, and the experiments
which I have hitherto made have not been fufficient to deter-
mine it for the fame body. At {ome future opportunity, when
1 have more leifure, I intend to repeat the experiments in order
to eftablith, in fome particular cafes, the law by which the
quantity of frittion increafes by increafing the weight. Leaving
this fubje& therefore for the prefent, I {hall proceed to eftablith
a theory upon the principles which we have already deduced
from our experiments.

Ver. LLXXYV. A a PR O-
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PROPOSITION I,

Let e, £, g, (fig. 1.) reprefent either a cylinder, orthat circular
Section of a body on which it rolls down the inclined plane CA .in
confequence of its friction, to find the time: of defcent and the
number of revolutions.

As 1t has been proved in- Art: 5. that the friction of a body
does not increafe in proportion to its- weight or preflure, we
cannot therefore, by knowing the friction on any other plane,
determine the fri¢ion on CA ;. the friction therefore on CA can
only be determined by experiments made upon #hat plane, .that
is, by letting the body defcend from reft, and obferving the
fpace defcribed in the firft fecond of time; call that fpace a,
and then, as by Art. 3. friction is a uniformly retarding force,
the body muft be uniformly accelerated, and confequently the

. > . AC
whole time of defcent in feconds-will be = \/7 . Now todeter«

mine the number of revolutions, let s be the center of ofcillation
to the point of {ufpenfion 2 * ; then, becaufe no force a&ting at 2
can affe€t the motion of the point s, that point, notwithftanding
the action of the friction at @, will always have a motion pa-
rallel to CA uniformly accelerated by a force equal to that-
with which the body would be accelerated if it had no friction ;
hence, if 2m= 32 feet, the velocity acquired by the point s

in the firflt fecond will be = 2—”%% ; now the excefs of the ve-

¥ aand s are not fixed points in the body, but the former always reprefents
that point of the body in contaét with the plane, and the latter the correfponding

center of ofcillation,

2 locity
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ocity of the.point s above that of 7-(r being the center) is ma-
‘nifeftly the veloc1ty with which s is carried about 73 hence the

2m % CB 2mX CB—24xCA
_velomty of s about the center = =y — 20 A
! 2mXCB—2axXxCA omxXraxCB—aaXraxCA
confeque TS ara ' : -
confequently s : ra 5 S XCA

‘= the velocity with which a point of the circumference is car-
ried about the center, and which therefore exprefles the force
‘which accelerates the rotation; now as za exprefles the accele-
rative force of the body down the plane, and the fpaces de-

feribed in the fame time are in proportion to thofe forces, we
. . 2mXraXCB—2aXrax CA  mxrax CB—axraxCA

have 24 : CA: X CA - v

the fpace which any pomt of the circumference defcribes about

the center in the whole time of the body’s defcent down CA ;

which‘being divided by the circumference pxra (where

7=6.283 &C) will give WMXBE )‘: ’i_A.C

for the whele number

of revolutions required.

Cor. 1. If a x CA=mx BC, the number of rrevolutions =0,
and therefore the ‘body will then only flide; confequently the
fri¢tion vanithes.

Cor. 2. Let a'7's’ (fig. 2.) be the next ;pofition of ars, and
draw #7/b;parallel to s 2, then will 5’7 reprefent the retardation
of the.center  arifing from fri@tion, and &’ 4 will reprefent the
acceleration of a point of the circumferenice about its center;
hence ‘the ‘retardation of the center : acceleration of the cir-
cumference about ‘the center :: &# : 4’4 :: (by fim. A's)

2bhr' s ra.

‘Cor, 3. If @’ coincides with 4, the body does not flide but
only roll; now in this cafe s& v 7+ ;ias:ar; butasss and
rr’ reprefent the ratio of the veloc1t1es of the points s and 7,

Aa 2 they
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they will be to each other as 5,,%59 t2aorasmx CB:ax CA;
hence, when the body rolls without fliding, as:ar.:mx

CB : a x CA.
. . AC
Cor. 4. The time of defcent down CA is= \/ —3 but by

. - mXraxBC
the laft Cor. when the body ro/ls without fiding, a=———=—,

hence the time of defcent in that cafe = AC ', now

'mxra xBC
the time of defcent, if there were no friction, would be =

—2C__ | hence the time of defcent, when the body rolls with-
¥'m x BC
m X

out fliding : time of free defcent :: v/sa : V7 a.
Cor. 5. By the laft Cor. it appears, that when the body juft ro/ls
without fiding, or when the friction is juﬁ equal to the accelera~

tive force, the time of defcent :AC\/ 3 Now 1t 1s ma-
m xraxBC

nifeft, thatthe time of defcent will continue the fame, if the
frition be increafed, for the body will ftll freely roll, as no
increafe of the frition acting at @ can affect the motion of the
point s.

If the body be projetted from C with a velocity, and at the
fame time have a rotatory motion, the time of defcent and
the number of revelutions may be determined from the com-
mon principles of uniformly accelerated motions, as we have
already inveftigated the accelerative force of the body down
the plane and of its rotation about its axis; it {eems therefore
unneceflary to lengthen out this paper with the inveftigations.

PR Q=
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PROPOSITION II

Let the body be projected on an borizontal plane LM (fig. 3.)
with a given velocity, to determine the [fpace through which the
body will mowe before it flops, or before its motion becomes uniform.

Case I. 1. Suppofe the body to have no rotatory motion
when it begins to move; and let 4 = the velocity of proje@ion
per fecond meafured in feet, and let the retarding force of the
frition of the body, meafured by the velocity of the body
which it can deftroy in one fecond of time, be determined by
experiment and called F, and let x be the fpace through which
the body would move by the time its motion was all deftroyed
when proje&ted with the velocity @, and retarded by a force F ;.
then, from the principles of uniformly retarded motion, »=

2
:’F’ and if #=time of defcribing that {pace, we have #=

;—, and hence the fpéce defcribed in the firft {econd of time

2a—TF
2

of the body about its axis 1s equal to its progreflive motion, the
point 2 will be carried backwards by the former motion as much
as it 1s carried forwards by the Jatter ; confequently the point of
conta&t of the body with the plane will then have no motion
in the dire&ion of the plane, and hence the friction will at
that inftant ceafe, and the body will continue to 7o/ on uni-
formly without /iding with the velocity which it has at that,
point. Put therefore z=the fpace defcribed from the com-
mencement of the motion till it becomes uniform, then the'
body being uniformly retarded, the fpaces from the end of
7 the

e

Now it is manifeft, that when the rotatory motion
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‘the -motion wvary as the fquares of the velocities, —hencs

(42 2 o . ﬂz 2 ) . ot
spia (rrial) i —-% 4’ 2Fx={quare of the progref-
“five velocity when the motion becomes'funiform:.; ‘therefore the
wvelocity deftroyed by frition =a—+/a’ = 2F%; hence, as the
velocity generated or -deflroyed in .the fame time :is ‘in

;prqportion to the force, we have by Cor. 2. Prop. 1.

rsiraia— \/cz —2b%: —f'x a—y/a —2F= the wvelocity of
rs i .

.the circumference ¢ fg generated about the ceiiter, confequently
: Mmz-l-')f'sxva)(az
as* x oF

N ra < .
V& —2F2=""xa-y/a" - 2Fz, and hence z=
rs !

the {pace which the body defcribes beforethe motion becomes
uniform.
2. If we fubftitute this value of ‘% into the-expreflion for the

velocity, ‘we fhall have « xl‘;i:!for the-wvelotity of ‘the body when

its motion becomes uniform ; ‘hence ‘therefore it appears, that
‘the velocity of the body, when the friction ceafes, will be the
fame whatever.be the quantity of -the ‘fri¢tion. If the body be
‘the circumference  of acircle, ‘it-will always lofe half the ve«
.10c1ty before 1ts motion becomes uniform.

Case 1L 1.iLet the body, :befides having a progr eﬂ've
velocity in-the direétion LM (fig. 3.) have alfo a rotatory mo-=
tion about its:center in-the direGion g f ¢, and let v reprefent
the initial velocity of .any point of the circumference about the
center, and fuppofe it firft to be lefs than a ; then friction being
a uniformly retarding force, no alteration of the velocity of
the point of conta& of the body upon the plane can affet the
quantity of friction ; hence the progreffive velocity of the body
will be the fame as before, and cenfequently the rotatory velo=

city
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city generated by friction will alfo be the fame, to which if we
add the velocity about the center at the beginning of the mo-
tion, we fhall have the whole rotatory motion ; hence there-

ra : et ———

fore, v+~ x a—+/a" —2Fx= /4" —2F35, confequently z=

a’ Xas —-wxrs-i—axra ‘
2F % as®

comes uniform.:

2. If this value of % be fubftituted into the expreflion for the
’ X rs-ax ra
as

the fpace defcribed. before the. motion be-

Veldcit'y;,,We thall have for the velocity. when. . the

friGtion ceafess .

3. If 'w=a, then z=v,.and hence the body will continue to
move uniformly with the firft velocity.

4. If v be greater than a,.then the rotatory motion of the
point #-on the plane being greater than its progreffive motion
and in a contrary. dire&tion, the abfolute motion of ‘the point
a-upon the plane will be in the direttion ML, and confequently
frition will now a& in: the dire&ion LM in which the body
moves, and therefore will accelerate the progrefive and retard
the rotatory motion ; hence it appears, that zbe progreffive mo-
#ion of @ body may be ACCRLERATED by friction. Now to deter-
mine the {pace-defcribed before the motion becomes uniform, we
may- obferve, .that as the progreffive motion of the body is now
accelerated, .the velocity after it has defcribed any {pace = will

be=+/a" + 2Fz, hence the velocity acquired =v/a"+ 2Fx ~a,

v o . ra ,
and confequently the rotatory  velocity deftroyed — X

li

m—— ra S - ool = —
Ve +2Fz—a, hence V- =X Va@+e2Fs—-a=ya" +2Fz,

——————
rSXUtraxa —a*xas'
% = - —7
therefore AT ol

the {pace required.
so If
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5. If a=o, or the body be placed upon the plane without
rs* x o*
2F xas”*

Case III. 1. Let the given rotatory motion be in the direc-
tion g ¢f; then as the fri¢tion muft in this cafe always a& in
the dire&ion ML, it muft continually tend to deftroy both the
progreflive and rotatory motion. Now as the velocity de-
ftroyed in the fame time is in proportion to the retarding force,
and the force which retards the rofaiory is to the force which
retards the progreffive velocity by Cor. 2. Prop. 1.asra: rs,
therefore if v be to a4 as ra 1s to rs, then the retarding forces
being in proportion to the velocities, both motions will be de-

ftroyed together, and confequently the body, after defcribing
a certain {pace, will reft; which fpace, being that defcribed
by the body uniformly retarded by the force F, will, from

any progreflive velocity, then z=

. a
what was proved in Cafe I. be equal to ..

2. If v bears a greater proportion to a than ra does to r s,
it is manifeft, that the rotatory motion will not be all deftroyed
when the progreflive is; confequently the body, after it has

defcribed the fpace 2?, will return back in the dire&tion ML ;

for the progreflive motion being then deftroyed, and the rota-
tory motion ftill continuing in the dire¢tion gef, will caufe
the body to return with an accelerative velocity until the fric-
tlon ceafes by the body’s beginning to roll, after which it will
move on uniformly. Now to determine the fpace defcribed

X% the rotatory

before this happens, we have rs:ra::a:

velocity deftroyed when the progreffive is all loft; hence

s raxa VXrs—axXra
e =%
rs rs

= the rotatory velocity at that time, which

bein £
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being fubftituted for v in the laft article of Cafe IL gives
vEri—axra

2F x as*
uniform.

3. If v has a lefs proportion to 4 than 4 has to 7y, it is
manifeft, that the rozatory motion will be deftroyed before the
progreffive; in which cafe a rotatory motion will be generated
in a contrary dire&ion until the two motions become equal,
when the frition will inftantly ceafe, and the body will then

for the fpace defcribed before the motion becomes

move on uniformly. Now ra:rs:i v: —— the progreflive

velocity deftroyed when the rotatory velomty ceafes, hence

uXrs axra—vxXrs

G = = progreflive velocity when it begins its

rotatory motion in a contrary dire@ion; fubftitute therefore
this quantity for @ in the expreffion for % in Cafe I, and we have

2
rs*torsxXraxXaxXra—uvXxrs
as® X ar*x oF

tory motion ceafes before the motion of the body becomes
uniform. Now to determine the fpace defcribed before the
rotatory motion was all deftroyed, we have (as the fpace from
the end of a uniformly retarded motion varies as the {quare of

£ 2
axra—uXrs .axra 'UXVI

2
the velocity) 4* Pt — ! ¥ the fpace that

for the fpace defcribed after the rota-

could have been defcribed from the time that the rotatory
velocity was deftroyed, until the progreflive motion would
have been deftroyed had the fricton continued to aét; hence
& _mzuzavx ra X rs—v* X rs®
oF 2Fxra®  — 2F x ra*

the rotatory motion was all deftroyed, hence

= the fpace defcribed when

TR arsXraxaxa —vxor 28V X ra X rs—v* X rs°
as* x ar* x a¥ 2k x ra*
fcribed by the body before its motion becomes uniform.
Vor. LXXV, Bb D Ze

= whole fpace de-
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BFFINITION

9%e CENTER of FRICTION 75 that point in tbe bafe of a body
on which it revolves, into which if the whole furface of the bafe,.
and the mafs of the body were colletted, and made to revslve abour
the center of the bafe of the given body,. the angular velocity de~
§ /’royed 5y 115 friction would be equal to the angular velocity defiroyed:
n the given body by its friction in the /c}me time,.

PROPOSITION IIL
Do find the center of friction.

Let FGH (fig. 4.) be the bafe of a‘body revolving about its-
center C, and fuppofe about 4, 4, ¢, &c. to be indefinitely-
fmall parts of the bafe, and let A, B, C, &c. be the correfpond--
ing parts of the folid, or the prifmatic parts having 4, 4, ¢, &c.
for their bafes; and P the center of fri®tion. Now it is ma--
nifeft, that the decrement of the angular velocity muft vary
as the whole diminution of the momentum of rotation caufed’
by the fri€tion direétly, and as the whole momentum of rota--
tion or effeét of the inertia of all the particles of the folid . /n-
verfely 5 the former bemg employed in diminifhing the angular-
velocity, and the /tter in oppofing that diminution by the en-
deavour of the particles to perfevere in their motion. Hence,
if the effe& of the friction varies as the effett of the inertia,,
the decrements of the angular velocity in a given time will be
equal. Now as the quantity of friction (as has been proved
from experiments) does not depend on the velocity, the effe

of the friction of the elementary parts of the bafe g, 4, ¢, &c.
2 will
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will be as a x aC, & x 6C, ¢ x ¢C, &c. alfo the effe of the inertia
of the correfponding parts of the body will be as A x aC?
Bx4C*, CxcC?, &c. Now when the whole {urface of the
bafe and mafs of the body are concentrated in P, the effedt of
the friction will be as @ + & + ¢ + &c. x CP, and of the inertia as
m&c x CP*; confequently a x aC+bxdC+excC
+ &ec. :mdc.x(}}’ AxaC B x 6CHCxcC
+&c. : A+ B+ C+ &c. x CP*; and hence

CP—AXaU+B X6C*FFCxcCP 4 &co X a+tn4c+%& - (lfS“'the fum
- " @ XaC b x bC F ¢ X ¢C + &c. XA+B+C+&L

of the produ&s of each particle into the fquare of its diftance
from the axis of motion, T'=the fum of the produés of each
part of the bafe into its diftance from the center, s=the area

of ‘the bafe, 7=the folid content of the body) =

SXI

PROPOSITION 1IV.

Given the velocity awith which a body begins to revolve about the
center of its bafe, to determine the number of revolutions which the
body will make before-all its motion be defiroyed.

Let the fridtion, exprefled by the velocity which it is able to
deﬁroy in. the body if it were projeted in a rlght line horizon-
tally in one. fecond be determined by experiment, and called F;
and. fuppofe the initial Velocnty of the center of friction P about
C. to.be a. "Then conceiving the whole furface of the bafe and
mafs of the body to be collc&ed into the pomt P, and (as has

been . proved in Prop. IL ) — will be the fpace which the body

fo concentrated will defcrlbc, before all its motion be deftroyed ;
Bb =2 hence
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hence if we put z=PC, p=the circumference of a circle
whofe radius is unity, then will pz=circumference defcribed

- 2 -
by the point P; confequently —— = the number of revolutions

required.

Cor, If the folid be a cylinder and r be the radius of its bafe,

2

N 2
then z = %—r , and therefore the number of revolutions= 5;5“

PROPOSITION V.

To find the nature of the curve defiribed by any point of a body
affected by friction, when it defeends down any inclined plane.

Let e fg (fig. 5.) be the body, the pointsa, 7, s, as in Prop. L
and conceive 57, 7 7, to be two indefinitely {mall {paces defcribed
by the points s and » in the fame time, and which therefore
will reprefent the velocities of thofe points; but from Prop. L.
the ratio of thefe velocities 1s exprefled by m x CB : a x CA,
hence st:rn:imx CB:axCA. With the center r let a
circle v w be defcribed touching the plane LM which is parallel
to AC at the point 4, and let the radius of this circle be fuch
that, conceiving it to defcend upon the plane LM along with
the body defcending on CA, the point # may be at reft, or the
circle may roll without fliding. To determine which radius,
produce 75 to ¥, parallel to which draw #dy, and produce n¢
to z; now it is manifeft, thatin order to anfwer the conditions
above-mentioned, the velocity of the point x muft be to the
velocity of the point » as 2 : 1, that is, sx:yx:2: 1,
hence zy=yx=nr. Now =y:dzt(iiny:ind);;:rx:rs;

therefore d¢= :—; X zy:-:-j; sxnr,hencets (=id+ds=idynr=
4 rs
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vs+rx
rx

s T T T

¥ 3§
~ X A7 nr)= x nr, confequently

ry
(from what is proved above) mxCB :axCAj; therefore
aX CAxrs+axCAxra=mxxCBxrx hence ra=
axCA x7s
mXCB~axCA
the inclined plane LM, and carrying the body with it, will
give the true ratio of its progreflive to its rotatory motion,
and confequently that point of the circle which coincides with
any given point of the body will, as the circle revolves upon
the line LM, defcribe the fame curve as the correfponding -
point of the body ; but as the nature of the curve defcribed by
any point of a circle revolving upon a ftraight line is already.
very well known, it feems unneceflary to give the inveftigation. .
By a method of reafoning, not very different, may the nature
of the curve, which is defcribed by any point of abody moving
upon an.horizontal plane, and affetted by fri¢tion, be determined..

the radius of the circle which rolling down




